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Abstract

This research investigates the decomposition of curvature tensors in Finsler spaces using higher-order
derivatives of Berwald and Cartan connections. By employing these derivatives, we aim to provide a more
comprehensive understanding of the geometric structure of Finsler spaces. Previous studies have explored
various types of recurrences and their implications for curvature tensors. However, a systematic analysis of
decomposition using higher-order derivatives has been lacking. This paper fills this gap by introducing a new
approach to decompose curvature tensors and analyzing the properties of the resulting components. Our findings
contribute to the existing body of knowledge on Finsler geometry and may have potential applications in related
fields. In this paper, we investigate some identities between Weyl’s curvature tensor and Cartan’s 3" Curvature
Tensor R}kh. We first introduce the basic concepts of Weyl’s tensor W]lkh and Cartan’s 3™ Curvature

Tensor R}kh. Then, we derive some identities between these two tensors. Finally, we apply these identities to
some examples.

Keywords: Covariant Derivative of second orders, Weyl Tensor jl}ch ,Cartan’s 3", Curvature Tensor R}kh and
Cartan’s 4" Curvature Tensor K,
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INTRODUCTION

Finsler geometry, a generalization of Riemannian geometry, has garnered significant attention
due to its applications in various fields, including physics and engineering. A fundamental
aspect of Finsler geometry is the study of curvature tensors, which provide insights into the
geometric properties of these spaces. In particular, the decomposition of curvature tensors has
been a subject of interest for many researchers. Curvature tensors play a pivotal role in
understanding the geometric properties of Finsler spaces. While previous research has focused
on different types of recurrences and their implications for curvature tensors, a comprehensive
study of decomposition using higher-order derivatives of Berwald and Cartan connections is
still needed.

This paper addresses this gap by investigating the decomposition of curvature tensors in Finsler
spaces using higher-order derivatives. By leveraging these derivatives, we aim to gain deeper
insights into the structure and properties of curvature tensors. The results of this study are
expected to contribute to the development of Finsler geometry and provide a foundation for
further research in this area.

Previous studies, such as those by Al-Qashbari [5, 6, 7, 8, 9, 10], Qasem [16, 17, 18], and
Abdallah [1] have explored different types of recurrences and their implications for curvature
tensors in Finsler spaces. Additionally, researchers like Ahsan and Ali [3, 4] have investigated
curvature tensors in the context of general relativity. However, a comprehensive analysis of
curvature tensor decomposition using higher-order derivatives of Berwald and Cartan
connections remains an open area.

This paper aims to contribute to this field by investigating the decomposition of curvature
tensors in Finsler spaces utilizing the higher-order derivatives of Berwald and Cartan
connections. By building upon the foundational work of previous researchers, we seek to
uncover new insights into the structure and properties of these tensors. The results of this study

are expected to have implications for various areas of Finsler geometry and its applications.
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Weyl’s tensor le}ch and conformal tensor C}kh are two important geometric objects in
differential geometry. They are both used to study the curvature of spacetime. Weyl’s tensor
Wik, is a conformal invariant, which means that it is invariant under conformal transformations.
The conformal tensor Cjy;, is not a conformal invariant, but it is related to Weyl’s tensor
Wik, by a simple formula.

In this paper, we investigate some identities between Weyl’s tensor I/I/}‘kh and conformal tensor
Cin - We first introduce the basic concepts of Weyl’s curvature tensor and conformal curvature

tensor. Then, we derive some identities between these two tensors. Finally, we apply these

identities to some examples.
The metric tensor J;; and B, (Berwald's connection coefficients) G]-ik are positively
homogeneous of degree 0 in directional arguments.
Two vectors y; and y* meet the following conditions

a) yi=gyy . b)) ymy' =F*,c) &y =y~

d) g6 =g,; and  €) gk, =g/ . (1.1)
The quantities g;; and g are related by [11]

: 1 if i=k
gtk = 8k = ’ ’

9ij 9’" = 6i {0, if i%k (1.2)

Tensor Cjjy, is known as (h)hv-torsion tensor defined by
1 . 1 . . .

Cijk = 561 g]k = Zala]ak FZ. (13)
The (v)hv-torsion tensor C/% and tensor C; jk are given by

a) Chy/ =Chy¥=0, b) Cjpey' =Cijy’ =Ciuy* =0,

¢) 9’*Cijx = C;  and d) g’*Cijn=Cf . (1.4)
Covariant derivative Biji for Berwald’s (By) of any tensor Tji w. r. t. x* is defined as

BiT} = 0T} — (0,T}) Gf + T} Grye — TGy - (1.5)
The vector y' and metric function F are vanished identically for Berwald’s covariant
derivative.

a) Bu,F =0 and b) B,y'=0. (1.6)

Metric tensor g;; is not equal to zero ( i.e. not vanish ), defined by
Brgij = =2 Cijpn yh=-2 yhBhCijk . (1.7)

Tensor W, , torsion tensor W}, and deviation tensor W} are defined by:
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L

, . 2 st .
ien = Hjin + 5oy Hini + 5 +1)5 Hyen + Gy (1 Hjn + Hyj + 370, H,r

5 :
- (nz—}—ll) (Tl I‘Ijk + ij + yraijr) ) (18)

e = Hj + = +1)H[]k +2{( - 1)(nH —y"Hgr)} . (1.9)

and W= Hf —H§/ —

J +1)(a H] — 0;H) y*, respectively.

(1.10) The tensors jl}ch, jﬁc and W, satisfy the following identities

8) Winy =W . b) Wiy =Wy . ©) Wiy = Wy

d) Gir Wi = Wyjkn  ©) Wiien = — Wi and 1) Wiy, + Wi + Wiy = 0. (1.11)
Also, if we suppose that the tensor Wj" satisfy the following identities

a) Wiyk=0, b) W/ =0, c) Wiy; =0,

d) gir W =W,;, ) g/*W =W and f) Wyy*=0. (1.12)
The skew-symmetric in its indices k and h in the tensor jj}ch .

Cartan’s 3" curvature tensor R: , Ricci tensor R;,, , the vector H, and scalar curvature H
jkh jk k

are defined as

8) Riun = Tnie + (T ) Gh + Crn(GIL — GIE G ) + Ty T —k/h

b) R}kh y/=Hj,, ¢ Ryxy =H, |, d Rpy* =R ,

e Ri=R, f) gir R}kh =Ryjkn, 0) R}kh = - Rjihk ,

h) g/*Rj, =R, 1) Rjy=Rp ) Hiy'=H =(n-1DH

i) Hiny"=Hp and K) Hi; = Hy . (1.13)
Cartan’s 4"curvature tensor jikh, Ricci tensor Kj; ,vector K, and scalar curvature K are
defined as

a) Kjikhyj=Hlih , b)) Kyy =H, , ¢ Kypy*=kK , d) g/K ik =K,

e) Kiu=Kyi and f) g/*Kj, =K . (1.14)

We consider an n-dimensional Finsler space F, in which the Weyls projective curvature

tensor denoted by W-‘}ch satisfies the following condition (AL-Qashbari & AL-Maisary [10])

BonWiien = 2nWjien + tm (8% gjn — 6h9jxc ) - (1.15)
From (1.15) have studied the generalized this space, (1.15) which can be written as
BuWiicn = AmWiin + wm(6k 9jn — 6hgji) + " (Wi gin —Wigjx ) - (1.16)
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GENERALIZED -BW-BIRECURRENT SPACE
In this paper, we introduce a new class of Finsler spaces, namely, generalized-BW-
birecurrent spaces. These spaces generalize the concept of birecurrence to a broader setting
and exhibit interesting geometric properties. We investigate the curvature tensor of these
spaces and establish several characterization theorems. Our work in this paper we defined
B,,,B, is covariant derivative of second order.
Taking the covariant derivative of (1.16), with respect to x! in the sence of Berwald, we get
By BuWjin = (Bi L)Wk + A (BiW)in) + (Bibtn) (6% gjn — 619k )
+ W Bi(8k gjn — 6hgjx ) + iBl (Wigin —Wigjx ) - (2.1)
Using (1.7) and (1.15) in (2.1), we get

BBrnWiin = AmuWin + Am (Aszlkh + (8% gjn — 6hgjx ) +§ (Wi gin —Wigjx ))

+ U (8% 9jn — 619k ) = 2MmBay(8k Cini — 61Cjrar )

+ = (BW gin — BWDIn) = 5 Bey (Wi Cint = WiiCia) -
Or

B, Bijl}ch = (A + Andy) jikh + (g + A i) (85 gjn — 5rizgjk)

+i((Bkai) gin — (BWD) gjx ) +i A (Wi gjn = Wigjnc)

~2 tmBay? (8kCimi — 6Cjia ) — % Boy? (Wi Ciny = WyCir) - (2.2)
The equation (2.2), can be written as

B, BmVle;ch = amlvvjikh + by (Sk gjn — 619 ) + % (BWY) gjn — (BWDgjx )

+ i)lm (Wi gin —Wigix ) = 2tmBqy (8L Cini — 8iCirr )

- % quq(Wki Cim — Wffcjkz) . (2.3)
where a,; = Ay + Andiand by = Wy + Ay are non-zero covariant tensors field of
second order, respectively.

Definition 2. 1. A Finsler space of tensor j‘}ch is called as Wely’s projective curvature tensor

and is known as satisfies the condition (2.3), will be called a generalized birecurrent space.
We shall call this Finsler space as a generalized BW -birecurrent space and we denoted by
GBW-BRF,, .

Result 2.1. All a generalized BW -recurrent space is a generalized BW birecurrent space.
Transvecting condition to a higher dimensional space (2.3) by y/, using (1.1a), (1.4b), (1.6b)
and (1.11a), we get
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By BnWiin = amiWin + by (8t yi — 64yic ) + 5 (BIWD) yn — (BIW) i)

+ A 5 (Wi yn = Wiiyie) - (2.4)
Again, transvecting condition to a higher dimensional space (2.4) by y*, using (1.1b), (1.2),
(1.6b), (1.11b) and (1.12a), we get

By B Wi = Wi + by (' i — 84 F2) = 2 (BIWDF? — ~ Ay WiF? (2.5)
Therefore, the proof of theorem is completed, we can say
Theorem 2.1. In GBW-BRF,,, covariant derivative for Berwald of second order for
torsion tensor W, and deviation tensor W} are given by (2.4) and (2.5).

Contracting the indices space by summing over i and h in the conditions (2.3) and using (1.1b),
(1.2), (1.11c), (1.12b) and (1.12d), we get

By BruWjie = @y Wik + by (1 = ) gjic +7 By Wi + 7 A Wi

~ 2 Bay (1 = )Gy — 5 Bgy Wi Gy - (2.6)
Thus, we conclude
Theorem 2.2. In GBW-BRF,, the Ricci W, is generalized birecurrent Finsler space given
by the equation (2.6).

Transvecting (2.6) by g’*, and using (1.1e), (1.4c), (1.4d) and (1.12¢), we get

By BuW = W + by (1—1) += By W += LW — 2, Boy?(1 — n)C,

—— By W ck . 2.7)
From conditions (2.7), we show that the curvature scalar W cannot equal to zero because if the
vanishing of W would imply a,,; =0 and b,,; = 0, that is a contradiction.

Thus, we conclude

Theorem 2.3. In GBW-BRF,, , the scalar W in equations (2.7) is non-vanishing.

RELATIONSHIP BETWEEN WELY’S CURVATURE TENSOR AND CARTAN’S
3™ CURVATURE TENSOR R},

Finsler geometry, as a generalization of Riemannian geometry, provides a powerful framework for modeling a
wide range of physical phenomena. In Finsler spaces, the curvature properties of the space are characterized by
various curvature tensors, among which Weyl and Cartan’s third curvature tensors play a significant role. While
the geometric interpretations and physical implications of these tensors have been extensively studied, the

relationship between them remains a subject of ongoing research.
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This paper aims to investigate the connection between Weyl’s curvature tensor and Cartan’s third curvature
tensor in Finsler spaces. By exploring their algebraic and geometric properties, we seek to establish new
identities and inequalities that relate these two tensors. Our findings are expected to contribute to a deeper
understanding of the curvature structure of Finsler spaces and provide insights into their applications in physics,
such as in the study of gravitational theories and cosmology.

Some properties of le}ch curvature tensor was proposed by Ahsan and Ali [3],[4] in (2014).
For (n = 4) a Riemannian space, it is known that Cartan’s 3" curvature tensor R}, and
Wely’s projective curvature tensor Wj‘}m are connected by the formula [1]
. . 1 . .
ikn = Rjkn + 3 (6k Rin — gjk Rp ). (3.1)
Taking the covariant derivative of (3.1), with respect to x™ and x! in the sence of Berwald
we get
. . 1 . -
BB Wik, = By BnRjkn + 3 B Bm(5llchh — g RE). (3.2)
Using (1.7), in (3.2) we get
. . 1 . . 2 .
BB M/]lkh =B, Bn R}kh + gBl B (6;( Rin — gk Rh) + ng y1 Ciki B R},
2 .
+3B, VB (CirmR}, ) - (3.3)
Using (2.3) and (3.2) in (3.3), we get
. - . . 1 . .
By BinRjkn = @nuRin + bt (85 9jn — 619 i ) + gaml(5ll< Rin — 9k Rh)
1 . . 1 . . . .
+2(BWDG — BWDIjk) + 3 Am(Wigjn — Wigj) — 20mBey 1 (8iCin — 84 Cira)
3 By (Wi Gt = WiCira ) —3 Bi B (8% Rin — gjk Ri) = 3Bq ¥? Cjja BmRp,
2 .
~ =By YIB(CemPBh ) - (34)
This shows that
. - . . 1 . .
By BmRen = @muRin + by (8% 9jn — 6195k ) + " (BW) gjn — BWDGjr)

1 . . . . 1 . .
+Z/1m(Wlégjh ~ Wy Gji) = 20 Bqy? (8kCint — SnCira) — > By (WiCint = Wi Cjra)

2 i 2 i
- EBq yq Cjkl BmRilz - ng qul(Cjkallz ) : (35)
If and only if
By Bm 8k Rin — 9k RE) = ami(8k Rin — gjx RE) - (3.6)

Thus, we conclude
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Theorem 3.1. In GBW-BRF,,, Cartan’s 3" curvature tensor }kh is a generalized birecurrent
Finsler space if and only if the tensor (85 R;, — gjx Ry, ) is a generalized birecurrent Finsler

space.
Transvecting condition (3.4) by y/, using (1.6b), (1.1a), (1.4b), (1.13b) and (1.13c), we get

. . . . 1 . .
B, BnHin = @muHicn + b (8 ¥n = Snyic ) + 5 @i (8k Hn — Vi Ri)

1 . . 1 . .
T3 ((BIWID Yn — (BszDYk) + Zﬂm(chl Y — Wy }’k)

1 . .

~ BB (i Hn — Yk RE) - (3.7)
This shows that

By BmHin = amiHip + by (84 yn — 81 ) - (3.8)
If and only if

By Bm( 6k Hy —yi RE) = ami(6f Hy — Yk R}) (3.9)
and

BW) yn — BWD Yk = A Wi yn — Wi vi) . (3.10)

The proof of theorem is completed, we conclude

Theorem 3.2. In GBW-BRF,, , the covariant derivative of the second orders for the torsion
tensor H}, is a generalized birecurrent Finsler space if and only if (3.9) and (3.10) holds
good.

Transvecting (3.7) by y*, using (1.6b), (1.1b), (1.1c), (1.12a) and (1.13]), we get

By BnH, = iy + byt (V' yn = 83 F?) = 3 (BIWR)F? = 5 Ay WLF?

+2am( Yy Hy = FRy) =< BiBy (¥'Hy — F*Ry) . (3.11)
This shows that

B, BmHPiL = amlH;'l + by (yi Yn — 6;'1 FZ) : (3.12)
If and only if

BB (¥ Hy — F2RL) = am( y'Hy — F?R}) (3.13)
and

(BIWHF? = A, WF? . (3.14)

Thus, we conclude

Theorem 3.3. In GBW-BRF,,, the covariant derivative of the second orders for the

deviation tensor H} is a generalized birecurrent Finsler space if and only if (3.13) and (3.14),

holds good.
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Contracting the indices i and h in the equations (3.7) and (3.11), respectively and using
(1.2), (1.1a), (1.1b), (1.13k), (1.13t), (1.12c) and (1.12b), we get

1 1
BB Hy, = apyHy + by (1 — 1) yi + gamz(Hk — yxR) — gBle(Hk —yxR). (3.15)

This shows that

Bl BmHk = amlHk + bml(l - Tl) Yk - (316)
If and only if
B Bm(Hy — yxR) = apy(H, — Y R). (3.17)

And
ByBuH = QpyH + by (1 — 1) F2 + 2 ap (H — F?R) =7 B By(H — F?R). (3.18)

This shows that

Bl BmH = amlH + bml(l - 'l’l) F?. (319)
If and only if
B, By(H —F?R) =a,,;(H—F?R). (3.20)

Thus, we conclude

Theorem 3.4. In GBW-BRF,, , vector H, and scalar H are given in (3.16) and (3.19) if and
only if the conditions (3.17) and (3.20) are holds good, respectively.

Contracting the indices i and h in the equations (3.7) and using (1.1d), (1.1b), (1.13i),
(1.13e), (1.12d) and (1.12b), we get

1 1
By BmRjx = amuRjy + by (1 = 1) gjic + 7 BiWye + 2 A Wi — 21 By ? (1 —n)Cyyy
1 i 1 1
— 5 Bey Wi Gy =3 Bi By (Rix—9jR) +§aml(Rjk —gjxR)
2 2
~3B4 ¥ Cjia BuR — 5B, y"Bi(CikmR ) - (3.21)
This shows that

1 1
By BmRjx = anuRjy + by (1 = 1) gjie + 2 BiWjye + 2 Am Wiy — 2By (1 —n) Gy

1 i 2 2
— = Byy Wi Cjy — 2Bq ¥ Cjiy BuR —>Bq y¥B(CyemR ) - (3.22)
If and only if

In conclusion the proof of theorem is completed, we get

Theorem 3.5. In  GBW-BRF, , R-Ricci tensor R;, is given in (3.22), if and only if the
condition (3.23) is holds good.

Transvecting the equation (3.21) by y*, using (1.6b), (1.1a), (1.1c), (1.4b), (1.12a), (1.12f)
and (1.13d), we get
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1 1
By BmR; = amiR; + by (1 —n)y; + gaml(Rj —YjR) - 5B Bu(R —y;R). (3.24)
This shows that

If and only if
By Bm(R — ¥jR) = am(R;— y;R). (3.26)

Transvecting (3.4) and (3.21) by g’*, using (1.4c), (1.4d), (1.12¢) and (1.13h), we get
By BinRh = amiRh — 2umBay(Ch — SLC,) — 5 Bey  (WiCK — WiC,)

— 2B, ¥ C, BpRh — By yIB,(CuR}, ) . (3.27)
This shows that

B, BnR., = a,yR) . (3.28)
If and only if

21mBay? (Chy = 84C1) + 5 By (Wi Criy = WiCy ) + By yC, B},

2 .
+3B, yiB,(CnRL ) =10 . (3.29)
And
By BiuR = QiR + by (1 =) + 2 BIW + 2 Ay W — 21, By (1 - 1) G,

—~ By W Cfy — 2By y9 €, BuR — =By y1B,(CR ) . (3.30)
This shows that

B, BmR =aR +bypyy(1—n). (3.31)
If and only if

1 1 1 i 2
JBW + AW = 24, Bgy? (1= n)C; = Bey Wy Cfy — B, ¥4 €, BuR
2
~>By ¥'BI(CnR) =0 . (3.32)
In conclusion the proof of theorem is completed, we get

Theorem 3.6. In GBW-BRF,, , vector R; , the projective deviation tensor R} and scalar R are

given in (3.25), (3.28) and (3.31) if and only if the conditions (3.26), (3.29) and (3.32) are
holds good, respectively.
Transvecting (3.4) by g;,-, using (1.1d), (1.12d) and (1.13f), we get

1
B, BmRrjkh = amerjkh + bml(grk djn — Grn gjk) + gaml(grk th —Yjk Rrh)
1 1
+2 (BWiid) gjn = BiWrn)Gjic ) + 3 Am(Wrie Gjn = Wen gjic)

1
~2Um By (grk Gt = Grn Cirat ) — > Boy? (Wi Ciny = WynCirar)
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— By B (9ric Rin = 9jc Rrn) = Bq ¥ CiuBmPen == Bg Y B (CikmRrn) . (3.33)
This shows that

BiBmRrjkn = AmuiRyjin + bui(Gric gjn — Grn Gjic ) + % (BW,) gjn — (BiW,r)gjx )

+ i)lm (er gjn — Wi gjk) - ZMmquq( Irk Cini— Grn Cjkl)

—% quq(er Cint — rhC]kl) Bq ¥9Cjxi BmRyp — _Bq y Bl( jemBrn ) (3.34)
If and only if

B, Bm( Irk Rin — Gji Ren ) = aml( 9rk Rin — 9jk Ren ) : (3.35)
Thus, the proof of theorem is completed, we get
Theorem 3.7. In GBW-BRF,, , associate tensor R,j, (Cartan’s 3" curvature tensor R,,,) is a
generalized birecurrent Finsler space if and only if the condition (3.35) holds good.
It is known that Cartan’s 3" curvature tensor R}, and Cartan’s 4" curvature tensor K, are
connected by the formula [1]

jin = Kjien + Cip Hign - (3.36)

Taking the covariant derivative of (3.36), with respect to x™ and x! in the sence of Berwald
we get

BBy Rin = By BiKjin + Bi B (Cf, Hpy) . (3.37)
Using (3.4) and (3.36) in (3.37) we get

By B Kjxn = K + bt (8k gjn — 8191 )‘%Bz B (6k Rin — gk Rh)

+ = ami( 8k R — Gy RL) = Bi B (Cly HE, ) + iy €y HE,

+-(BWHI — BWDg) + lzm(wlég,-h — Wégjk) — 20 Bay (8 it — 81Cita)

—é quq(Wki Cin — Wh ]kl) B, v C]kl B Rh B,y Bl( ]km ) . (3.38)
This shows that

. . . . 1 . .
B BmKjkn = amiKjin + b (8 gjn — 61gji) + ((BlWID gin— BWDHgjx)

+i/1m(Wkigjh - ergjk) - ZHmquq(51i<C}hl S jkl) Bqy (Wk jht — Wficjkl)
— 2B, ¥ Gy BmR}, — =B yIBi(CiomRY ) - (3.39)
If and only if
Bm( 8k Rin — gk RE) = ami( 85 Rin — gk RE) - (3.40)
and
B, Bm (C, He) = amiClHy, - (3.41)
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Thus, the proof of theorem is completed, we get
Theorem 3.8. In GBW-BRF,, , Cartan’s 4" curvature tensor jikh is a generalized birecurrent
Finsler space if and only if the tensors (&£ R;, — g R;,) and (C/,Hp,) are a generalized
birecurrent Finsler space.
Contracting the indices i and h in the equations (3.38) and using (1.1d), (1.1b), (1.13i),
(1.13e), (1.14e), (1.12d) and (1.12b), we get
1 1
By BmKjx = auKj + b (1 = 1) gjic + 7 BiWjy + 2 Am Wy, — 21 Bgy? (1 = n)Cyy,
1 1 1 1
— 5 Bey Wi Gy — 3 By Bm(Rix — 9k R ) + gamz(Rjk — gk R)
2 2 . .
—3B4 ¥ Cia BuR = 5B4 Y'BI(CiemR ) = Bi B (Cjp Hyy ) + amu Gy Hygy - (3:42)
This shows that
1 1
By BmKjx = amuKjp + b (1 = 1) gjic + 2 BiWjy + 2 Am Wy = 2umBay? (1 = n)Cyy

—~ By Wi Gy — 2Bq ¥ Cjiy BuR — > Bq y7B(CyemR ) . (3.43)
If and only if

By Bn(Rix — 9k R) = ami(Rix —gjx R ). (3.44)
and

B, Bm (Clp Hey ) = ami Cl, Hiy, - (3.45)

Transvecting (3.42) by y*, using (1.6b), (1.1a), (1.1c), (1.4b), (1.12a), (1.12f), (1.14c) and
(1.13d), we get

1 1
B Bk = amiK; + b (1 = 1)y + S am(R; — ¥R ) =5 BiBu(R; —¥;R)

—B, By, (Cf, HY ) + am Cj, HY . (3.46)
This shows that

B, BnK; = apuK; + bpu(1 —1) y; . (3.47)
If and only if

B Bn(R; — ¥jR) =am(R — yjR). (3.48)
and

B, Bm(Cl, HY) = anCf,HY. (3.49)

Thus, the proof of theorem is completed, we get

Theorem 3.9. In GBW-BRF,, , K—Ricci tensor Kj; and curvature vector K; is given in (3.43)
and (3.47), if and only if the conditions (3.44), (3.45), (3.48) and (3.49) are holds good,

respectively.
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Transvecting (3.38) and (3.42) by g’* respectively using (1.4c), (1.4d), (1.12e), (1.14d),

(1.14f) and (1.13h), we get
B, BinKi = amKi — 7By B, (C}, Hi) + amug”*Cfy Hyy — 20m By (Chy — 84Cy)
—= By (WiCK — WiC,) — By y? €, BuR) — 2By yIB,(CrRY ). (3.50)
This shows that

. . . . 1 . .
B BnKp = amiKi — 20mBqy? (Chy = 81,C1 )-5 By (WiChy — WiCy)

2 i 2 i
— 3B, ¥ € BnRy — By yIB,(CnR}). (3.51)
If and only if
B, Bm (Clp HEy ) = @i Cfy Hy, . Where g/¥ =0 (3.52)

And

By BinK = @K + byy (1 — 1) — g7°By By (Clp HE,) + iy 97%Cly HE, + 5 BW

+ 2 AW — 2By (1 — n)C; — > Bey Wil Cfy — =By y9 €, ByR

—B, yIB(CuR) . (3.53)
This shows that

By BnK = amK + by (1= 1) + 2 BW + 2 Ay W — 21, By (1 - 1) G,

1 i 2 2
—2 By W cl, — >Bg Y1 BnR — B, y'Bi(CaR) . (3.54)
If and only if
By Bm (Clp HE ) = @y Cf, HE, . Where  g/¥ =0 (3.55)

Thus, we conclude
Theorem 3.10. In GBW-BRF,, , the projective deviation tensor R} and scalar R are given in
(3.51) and (3.54) if and only if the conditions (3.52) and (3.55) are holds good, respectively.

CONCLUSIONS

In this paper, we have presented a detailed study of the decomposition of curvature tensors in
Finsler spaces using higher-order derivatives of Berwald and Cartan connections. Our
analysis has revealed new properties and relationships between the components of the
decomposed tensors. These findings contribute to a better understanding of the geometric
structure of Finsler spaces and may have implications for various applications.

A generalized BW-birecurrent space in Finsler space is satisfied in condition (2.3).
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In GBW-BRF, , B-covariant derivatives of the second orders for torsion tensor Wy, and
deviation tensor W} are given by (2.4) and (2.5).
In GBW-FRF,, , the condition of being necessary and sufficient for the Cartan’s 3™ tensor

R}kh is a generalized birecurrent if the equation (3.6) holds. In GBW-BRF,, , Ricci tensor Ry,

is a generalized birecurrent if the equation (3.23) holds. In GBW-BRF, , the associate
curvature tensor Ry, is a generalized birecurrent if the condition (3.35) holds good.
In GBW-BRF,, ,we get the same relationship between the Weyls projective curvature tensor

i i i
knand the tensors Rjy,and Ky

In GBW-BRF,, , the Cartan’s 4" tensor Kj"kh is a generalized birecurrent if and only if the
tensors (84 R, — g;x Rh) and (C}, Hi,) are a generalized birecurrent Finsler space.
In  GBW-BRF, , B-covariant derivatives of the second orders for K-Ricci tensor Ky is a

generalized birecurrent if and only if the tensors (R; —g; R) and (Cj, HE;) are a

generalized birecurrent Finsler space.
The authors argue that further study and advancement in a generalized BW-birecurrent

Finsler spaces is necessary and tie it in with Finsler space's distinctive space features.

Recommendations

Based on the results of this research, we recommend the following directions for future

research:

« Explore other types of decompositions: Investigate different decomposition schemes and
their corresponding geometric interpretations.

o Investigate the physical implications: Explore the physical implications of the
decomposition results, particularly in the context of field theories and cosmology.

o Develop numerical methods: Develop numerical methods for computing the decomposed
tensors and analyzing their properties.
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